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Definitions

A graph class is hereditary if it is closed under vertex deletion.

e uniquely characterized by a minimal (not necessarily finite) set of
forbidden induced subgraphs

A graph is e H-free if it does not contain H as an induced subgraph
e (Hy, Hy)-free if it is Hi-free and Ha-free.

H=P + P
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(Py + Py)-free not (P + Py)-free
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Definitions

A graph class is hereditary if it is closed under vertex deletion.

e uniquely characterized by a minimal (not necessarily finite) set of
forbidden induced subgraphs
A graph is e H-free if it does not contain H as an induced subgraph
e (Hy, Ho)-free if it is Hi-free and Hy-free.
An atom is a connected graph with no clique cut-set

clique cut-set
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Definitions: Clique-width

The clique-width of a graph is the minimum number of labels required to
construct the graph using the operations:

e create a new graph from a single vertex with a label,

e take the disjoint union of two labelled graphs,

rename all labels ¢ to j

connect all vertices with label 7 to all vertices with label j.
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Definitions: Clique-width

The clique-width of a graph is the minimum number of labels required to
construct the graph using the operations:

e create a new graph from a single vertex with a label,

e take the disjoint union of two labelled graphs,

rename all labels ¢ to j

connect all vertices with label 7 to all vertices with label j.

A graph class has bounded clique-width if there exists a constant ¢ which
upper-bounds the clique-width of each graph in the class.
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e bounded clique-width
~~ polynomial algorithm for large collection of NP-hard problems
(problems definable in MSO,—(Courcelle, Makowsky, Rotics), ...)

e.g., COLORING, MAXIMUM INDEPENDENT SET, ...



Clique-width and atoms

e bounded clique-width
~> polynomial algorithm for large collection of NP-hard problems
(problems definable in MSO,—(Courcelle, Makowsky, Rotics), .. .)

e.g., COLORING, MAXIMUM INDEPENDENT SET, ...

e atoms + hereditary class C
some problems polynomial time solvable on the atoms of C
~» polynomial-time solvable on graph class C

e.g., COLORING, MAXIMUM INDEPENDENT SET, MAXIMUM
CLIQUE, MAXIMUM INDUCED MATCHING, ...
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clique-width of (Hy,Hs)-free graphs: five open cases.

e Do exist hereditary graph classes of unbounded clique-width whose
atoms have bounded clique-width?
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State of the art

e Long-standing study on boundedness of clique-width for hereditary
graph classes

e Survey (Dabrowski, Johnson, Paulusma, 2019): boundedness of
clique-width of (Hy,Hs)-free graphs: five open cases.
e Do exist hereditary graph classes of unbounded clique-width whose
atoms have bounded clique-width?
o : Split graphs = (Cy,C5,2P,)-free graphs,
clique independent set
unbounded

arbitrar L L
% Y/ e . / clique-width

° ° \ .
atoms = cliques

bounded
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State of the art

e Long-standing study on boundedness of clique-width for hereditary
graph classes
e Survey (Dabrowski, Johnson, Paulusma, 2019): boundedness of
clique-width of (Hy,Hs)-free graphs: five open cases.
e Do exist hereditary graph classes of unbounded clique-width whose
atoms have bounded clique-width?
o : Split graphs = (Cy,C5,2P,)-free graphs,
o : (cap,even-hole)-free graphs (Cameron, da Silva, Huang,
Vuskovi¢, 2018),
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State of the art

e Long-standing study on boundedness of clique-width for hereditary
graph classes

e Survey (Dabrowski, Johnson, Paulusma, 2019): boundedness of
clique-width of (Hy,Hs)-free graphs: five open cases.
e Do exist hereditary graph classes of unbounded clique-width whose
atoms have bounded clique-width?
o : Split graphs = (Cy,C5,2P,)-free graphs,
o : (cap,even-hole)-free graphs (Cameron, da Silva, Huang,
Vuskovi¢, 2018),
o NO: in H-free graphs,
o : Every (C4, Ps)-free atom has clique-width at most 18
(Gaspers, Huang, Paulusma, 2019).
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State of the art

e Long-standing study on boundedness of clique-width for hereditary
graph classes
e Survey (Dabrowski, Johnson, Paulusma, 2019): boundedness of
clique-width of (Hy,H)-free graphs: five open cases.
e Do exist hereditary graph classes of unbounded clique-width whose
atoms have bounded clique-width?
o : Split graphs = (Cy,C5,2P,)-free graphs,
o . (cap,even-hole)-free graphs (Cameron, da Silva, Huang,
Vuskovi¢, 2018),
o NO: in H-free graphs,
o : Every (Cy, Ps)-free atom has clique-width at most 18
(Gaspers, Huang, Paulusma, 2019).

Our goal: Which (Hy,Hs)-free graph classes of unbounded clique-width
have the property that their atoms have bounded clique-width?
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The class of (Hy,H)-free atoms has bounded clique-width if
Hy C; 2P, and Hy C; Py + Ps.

X

induced subgraph




Our results

The class of (Hj,Hs)-free atoms has bounded clique-width if
Hy C; 2P and Hy C; P, + Ps.

The class of (H;,Hs)-free atoms has unbounded clique-width if

H,
H,
H,
H,
H,
H,
H
H,
Hi
H,y
H,
H,
H,
H,

¢Sand Hy ¢S
¢Sand Hx ¢S

D, Ks+ Py and Hy D; 4P or 2P,

D; Ki,3 and Hy D; Ky or Cy

D;2P1 + P and Hy D; K1,3,5P1, Po+ Pyor PL + Ps

D; 2P, + P> and Hy O; Ks+ P, K5, Po+ Pyor P+ Fs

D; K3z and Hy D; 2Py +2P5, 2Py + Py, 4Py + P>, 3P or 2P3
D; 3P; and Hy D; 2Py + 2P,, 2P + Py, 4P, + P3, 3P, or 2P3
D; K4 and Hs D; P1 + P4, 3P, + Ps or 2P

D;4P) and Hs D; P; + P47 3P+ P> or C4

D, Pi+Pyand Hy O; P1 + 2P

D; Pr+ Pyand Hy O; P1 + 2P

D; 2P and Hs D; P> -|—P47 ﬁ or ﬁg,, or

21' P1 +2P2 or PG and H2 21 P1 +2P2 or P2 —|—P3
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Our results
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Hy C; 2P and Hy C; P, + Ps.

The class of (H;,Hs)-free atoms has unbounded clique-width if

H,
H,
H,
H,
H,
H,
H
H,
Hi
H,y
H,
H,
H,
H,

¢Sand Ho ¢ S
¢Sand Hx ¢S

D; K3+ Py and Hy D; 4P ot

s K1,3 and Hy D; K4 or Cy Cllque—Wldth CIaSSiﬁed

D; 2P + P, and Hs DO; K173, for all but 10 +12 = 22
D, 2P, + P, and Hy D; K5+ (Hy,Hs)-free atoms.

D; K3 and Hy D; 2P + 2P,

D; 3P; and Hy D; 2Py + 2P,, 2P + Py, 4P + P3, 3P, or 2P3
D; K4 and Hs D; P1 + P4, 3P, + Ps or 2P

D;4P) and Hs D; P; + P47 3P+ P> or C4

D, Pi+Pyand Hy O; P1 + 2P

D; Pr+ Pyand Hy O; P1 + 2P

D; 2P and Hy D; P> + P47 ﬁ or ﬁs, or

21' P1 +2P2 or PG and H2 21 P1 +2P2 or P2 —|—P3
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® removing vertices



® removing vertices

® complementation operation



® removing vertices

® complementation operation
(C4,Ps)-free atoms: bounded clique-width (known)

(Cy,Ps)-free atoms: unbounded clique-width



(2P>,P> + P3)

The class of (I1,¥])-free atoms have bounded clique-width (whereas the
class of (II,EI)—free graphs has unbounded clique-width).




Results: bounded clique-width of atoms

Theorem “paraglider”

The class of II,EI)—free atoms have bounded clique-width (whereas the
class of (II,1X])-free graphs has unbounded clique-width).

Proof sketch:
(i) (I1,>])-free atoms with an induced Cs,
(i7) (C5,11,0)-free atoms with an induced Cy,
(ii7) (C4,Csl1 P)-free atoms (known to have bounded clique-width).
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e o o . second neighbourhood
first neighbourhood

initial cycle

Dabrowski, Masafik, JN, Paulusma, Rzazewski

Clique-Width: Harnessing the Power of Atoms 8/10



Results: bounded clique-width of atoms

Theorem “paraglider”

The class of II,EI)—free atoms have bounded clique-width (whereas the
class of (II,1X])-free graphs has unbounded clique-width).

Proof sketch:

(i) (I1,>])-free atoms with an induced Cs,

(i7) (C5,11,0)-free atoms with an induced Cy,
(ii7) (C4,Csl1 P)-free atoms (known to have bounded clique-width).
e Analyzing the neighbourhoods of C5 or Cy:

o o . . second neighbourhood
first neighbourhood

initial cycle

Dabrowski, Masafik, JN, Paulusma, Rzazewski

Clique-Width: Harnessing the Power of Atoms 8/10



(2P>,P> + P3)

The class of (I1,¥])-free atoms have bounded clique-width (whereas the
class of (I1,X])-free graphs has unbounded clique-width).

Proof sketch: Where atoms helped?



Results: bounded clique-width of atoms

Theorem “paraglider”

The class of (I1,])-free atoms have bounded clique-width (whereas the
class of (II,IZI)—free graphs has unbounded clique-width).

Proof sketch: Where atoms helped?

D independent
set

?
independent clique independent
set set
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Theorem “paraglider”

The class of (I1,])-free atoms have bounded clique-width (whereas the
class of (II,IZI)—free graphs has unbounded clique-width).

Proof sketch: Where atoms helped?

D ind, dent

set
2
independent clique independent
set set
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Open Problems

Does the class of (Hy,Hs)-free atoms have bounded clique-width if
(i) HH = Ps and Hy € {2P; + P, P| + P}
(v) Hy = Ps and Hy € {2P, + P>, P, + P4}
(i) Hy = Cy and Hy € {Py + 2P5, Py + P, 3P}
(iii) Hy = Py + 2P, and Hy € {2P, P> + P3, P5}
(iv) Hy =Py £ P3 and Hy € {P, + P;, B3}
*(vi) Hy = K3 and Hy € {P1 + 51,1,3,5123}

*(Vii) Hy =3P, and Hy € {P1 + 51,173,51,273}

*(viii) Hy = 2Py + P and Hy € {P, + P + P3,P, + Ps}
*(ix) Hy = 2P, + Py and Hy € {P1 + P, + P3,P1 + P5}
*(x) Hy = P, + Py and Hy = Py + P3 or
*(xi) Hy = Py + Py and Hy = Py + Ps.
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Thank you for your attention!
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