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Hereditary Graph Classes

A graph class is if it is closed under vertex deletion.

® uniquely characterized by a minimal (not necessarily finite) set of
forbidden induced subgraphs

A graph is:
° if it does not contain H as an induced subgraph.
° if it is Hq-free and, ..., and Hj-free.
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Coloring

e A (proper) of a graph is an assignment of colors to vertices
such that no two adjacent vertices get the same color.

Given: Graph G,
Task: Does there exists a coloring of G which uses at most k colors?

Given: Graph G and a palette P(v) C {1,...,k} for any vertex v,
Task: Does there exist a coloring of GG that respects P?

k=3 {2}

{1,3} {1,2,3}
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State-of-the-art k-COLORING on H-Free Graphs

® For every k > 3, k-COLORING on H-free graphs is NP-complete if

® H contains a cycle, or
® an induced claw.

® Hence, it remains to consider the case where H is a disjoint union

of paths.
Example (disjoint union of paths):

H=2P+ P;+ P,
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State-of-the-art P;-free graphs

k-COLORING

t k=3 |k=4|k=5]1k>6
t<5 P P P P
t=26 P P NP-c | NP-c
t="7 P NP-c | NP-c | NP-c
t>8 ? NP-c | NP-c | NP-c

LisT k-COLORING

t k=3 |k=4|k=5|k>6
t<5 P P P P
t==6 P NP-c | NP-c | NP-c

=7 P NP-c | NP-c | NP-c

> 8 ? NP-c | NP-c | NP-c
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3-COLORING on H-free graphs For H Linear Forest

List 3-Coloring is polynomial on H-free graphs for |V (H)| <7
e sPs-free graphs
e 3-Coloring on H-free graphs polynomial — 3-Coloring on H + P;-free
graphs polynomial
e P + Ps-free graphs, r > 0
e P--free graphs
e P;+ Pj-free and P, + Ps-free graphs.

List 3-Coloring is polynomial on rP5 + P

List 3-Coloring is polynomial on H-free graphs for |V (H)| < 8 if
o 7& Py ° H 75 2P,
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More Forbidden Graphs

3-Coloring is polynomial on:
® (P, Cy)-free graphs
* (P, C3,Cq)-, (B, Cs,C5)-, (Ps, Cy, C5)-free graphs

® (Py, Cs,Cs)-free graphs
® 5.t >1; (SDK, s, P;)-free graphs

Theorem (JKMNP '21)

The 3-Coloring problem is polynomial-time solvable on (2Py, C5)-free
graphs.
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Proof High Level Sketch

e Constant size subgraph as Np;

e Partition the rest of the graph into two sets N ( )
and Ny (the rest).

® Once Ny contains an induced P, then Ny has to be

List 3-coloring is solvable on P,-free graphs.
® Reductions & branching to many instances.
® Solve each final instance by (2-coloring) algorithm.

® The initial solution is a yes-instance iff at least one branch is a
yes-instance.
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Start of the proof: C7-free Case

Suppose that G is (2Py, C5, Cr)-free.
e K, and C7 are not 3-colorable.

® As Ky-free, hence also C>g-free.

® As 2P;-free, hence also C>1p-free.

® |f also Cy-free then that is

® Hence, Polynomial-time solvable

Therefore, there is an f N

induced (.
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C%7 as Ny—The Initial Situation

After fixing the coloring of Ny and applying all available basic reductions,
the graph G has the following properties.

® Each vertex x of V7 satisfies either for some 4, or
for some 3.

® (G is connected.

—. oo
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2Py M N | 2Py N,
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Involved Reductions—Cut Reduction

Cut Reduction

Let X C V be a vertex cut of GG, let C' be a union of one or more
connected components of G — X. Moreover, it holds:

® ( has at least two vertices.

® X isan set in G.

® Vx € X have the same palette

e For any two vertices =,z in X, we have
The graph CU X is
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Involved Reductions-Neighborhood Collapse

Neighborhood Collapse

Let v € G and N(v) is a connceted bipartite graph (X,Y’) with vertices in
X (or Y) of the same palette. Then

c + F
7
«aﬁizéf
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Proof High Level Sketch
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® Reductions & branching to many instances.
® Solve each final instance by (2-coloring) algorithm.

® The initial solution is a yes-instance iff at least one branch is a

yes-instance.
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Conclusions & Open problems — 3-coloring

3-coloring
® (2Py, Cs)-free graphs
e (P, Cs3)-free graphs
e (P, Cs)-free graphs

5-coloring
The 5-coloring problem is NP-complete on (2P;)-free graphs
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Conclusions & Open problems — 3-coloring

3-coloring
® (2Py, Cs)-free graphs
e (P, Cs3)-free graphs
e (P, Cs)-free graphs

5-coloring
The 5-coloring problem is NP-complete on (2P;)-free graphs

Thank you!
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