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Max Weight Independent Set Problem

Definition (Max Weight Independent Set (MWIS))

Let G be a graph and let w : V(G) — R. The problem asks for a
set I C V(G) s.t. G[I] is edgeless and 1w () is as large as possible.

w(I)=6
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Characterized by a collection of induced forbidden
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Max Weight Independent Set Problem

Definition (Max Weight Independent Set (MWIS))

Let G be a graph and let w : V(G) — R. The problem asks for a
set I C V(G) s.t. G[I] is edgeless and to(I) is as large as possible.

Characterized by a collection of induced forbidden

subgraph.  Fiice sidinced

For forbidden subgraph H ('82 Alekseev):

® Subdividing strategy proves NP-completeness when H is
or If]&m/\ed‘@/

® NP-complete when H does have
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Let G be a graph and let w : V(G) — R. The problem asks for a
set I C V(G) s.t. G[I] is edgeless and to(I) is as large as possible.

Characterized by a collection of induced forbidden
subgraph.

For forbidden subgraph H ('82 Alekseev):

® Subdividing strategy proves NP-completeness when H is
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® NP-complete when H does have
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Positive Results for MWIS

® 19 Grzesik, Klimosova, Pilipczuk, Pilipczuk
~> Polynomial on Ps-free graphs
® '20 Chudnovsky, Pilipczuk, Pilipczuk, Thomassé
~+ QPTAS, subexp. on S;;-free graphs
¢ '20 Gartland, Lokshtanov & ’21 Pilipczuk, Pilipczuk, Rzazewski
~~ Quasi-polynomial on P;-free graphs
e '21 Gartland, Lokshtanov, Pilipczuk, Pilipczuk, Rzazewski
~ Quasi-polynomial on C>;-free graphs

e '22 Abrishami, Chudnovsky, Dibek, and Rzgzewski
~+ Polynomial on S; ; ;-free graphs of bounded degree
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Gyarfas Path
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Theorem (Gyarfas '75)

Given an n-vertex graph G, one can in polynomial time find an induced
path () in G such that every connected component of G — N[V (Q)] has

at most n/2 vertices.
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The Three-in-a-tree Theorem

Theorem ('10 Chudnovsky, Seymour)

Let G be an n-vertex graph and consider . There
is an algorithm that runs in time O(n”) and returns one of the following:

® an induced subtree of G containing at least three elements of Z,
® an of (G, %)

Al CJ}Z}
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Our Result — Gyarfas' Path Analog for S;;-free Graphs

Theorem (22 KM, TM, JN, KO, MP, PRz, MS)

Given an n-vertex graph G and t > 1, one can in polynomial time either:
® output an induced copy of Sy in G, or

® output a in
G, each of length at most t + 1, and a rigid
whose every particle has at most n/2 vertices.

i

_—
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Theorem (22 KM, TM, JN, KO, MP, PRz, MS)

Given an n-vertex graph G and t > 1, one can in polynomial time either:
® output an induced copy of Sy in G, or

® output a in
G, each of length at most t + 1, and a rigid
whose every particle has at most n/2 vertices.
Applications
. in time exponential in O(y/nlogn) for
MWIS.
[ ]

in time exponential in O(e~!log®n) we obtain
(1 — e)-approximation for MWIS.
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Proof

Lemma (Recursive formulation)

F/X /N
Given: graph G, set )

. In polynomial time, we output one of the following:
® an induced copy of Sy in G, or
P, X CN[UP], and a es.d. (G — X,n), so that

|P| < 6logs s (|U Q) + 6 and the longest path in P has at most
t + 1 vertices.

Theorem (22 KM, TM, JN, KO, MP, PRz, MS)

Given an n-vertex graph G and t > 1, one can in polynomial time either:
® output an induced copy of Sy in G, or
® output a
G, each of length at most t + 1, and a rigid 2/ef;

—_— -
whose(every particle has at most n/2 ver@
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Proof

Lemma (Recursive formulation)

Given: graph G; set g
. In polynomial time, we output one of the following:
® an induced copy of Sy in G, or

e P, X CN[UP], and a esd. (G — X,n), so that

|P| < 6logs s (|UQI) + 6 and the longest path in P has at most
t+ 1 vertices.

Initialization
® O consist of Gyarfas path in G.
® Hence, G — N[ Q] is refined e.s.d.
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Proof—First Base Case

Lemma (Recursive formulation)
Given: graph G; set

. In polynomial time, we output one of the following:

® an induced copy of Sy in G, or

e P, X C N[UP], and a refined e.sid. (G — X,n), so that

|P| < 6logs/s (|U Q) + 6 and the longest path in P has at most
t + 1fvertices.

The longest path in Q has at most 3t + 1 vertices.
We return P := Q and e.s.d. given at the input. Xz /\/[JUP]
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Pref and Shell Definitions

L >
shell(Q1) > shell(Q?) shell(Q?)
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shell(P) := N[pref(P)|\US if |[P| >t/ & = {0, Q7.0 0}

shell(P) := N{pref(P)] otherwise.
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Use of Tree-in-a-tree Theorem
T s €7
shell(Q1) shell(Q?) shell(Q?)
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Use of Tree-in-a-tree Theorem
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Proof—Second Base Case

Lemma (Recursive formulation)
Given: graph G, set ;
. In polynomial time, we output one of the following:
® an induced copy of Sy in G, or
e P, X C N[UP], and a refined e.s.d. (G — X,n), so that

|P| < 6logs s (|UQ|) + 6 and the longest path in P has at most
t + 1 vertices.

Three-in-a-tree theorem returned a refined e.s.d.
We return P := pref(S), X := shell(S) and the refined e.s.d.

__shell(@ shol] shell(QF)
ﬁ « ﬁ T e s  oshel(@y)
V* WX
Q2
ul U
_ - [—
pref(Q}) pref(Q3) pref(Q3) pref(Qa)
Qi Qi Qi
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Tree-in-a-tree Theorem Retured Large Particle
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Tree-in-a-tree Theorem Retured Large Particle

Theorem ('20 Chudnovsky, Pilipczuk, Pilipczuk, Thomassé)

Let (H,n) be an e.s.d. of G. Suppose Py, P», P5 are three induced paths
in G that do not each other, and moreover each of Py, Py, P3 has

an endvertex that is in (H,n). Then in (H,n) there is NO
particle that touches each of Py, P, Ps.
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Proof—Recursive Step

We recurse on particle A with at most two touching paths.
® A can be separated by two vertices, denoted as P’ (X' := N[ JP'] — A)
e || ] O/ drops by at least 2/3!

«rv chj

"Scannadj H’
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Proof—Recursive Step

Lemma (Recursive formulation)

Given: graph G; set 2
. In polynomial time, we output one of the following:
® an induced copy of Sy in G, or
e P, X C N[UP], and a refined e.s.d. (G — X,n), so that
|P| < 6logs s (IUQ|) + 6 and the longest path in P has at most
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o drops by at least 2/3!
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Proof—Recursive Step

Lemma (Recursive formulation)
Given: graph G, set
. In polynomial time, we output one of the fo//owmg
® an induced copy of Sy in G, or

e P, X C N[UP], and a refined e.s.d. (G — X,n), so that

|P| < 6logss (U Q) + 6 and the longest path in P has at most
t + 1 vertices:

We recurse on particle\ 4 with at most two touching paths.

® A can be separated/ by\two vertices, denoted as P’ (X’ := N[JP'] - A)
o drops by at Ieast@
V.

Let 77 X and refined e.s.d.\be obtained from the recursion.
L’LPZH V- LTOZ S

We return P := P U P’ U pref(S) X := X U X’ Ushell(S),
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Proof—Recursive Step

Let ﬁ,f( and refined e.s.d. be obtained from the recursion.
We return P := P U P’ Upref(S), X := X U X’ Ushell(S), e.s.d.
b—AX neclosd 7
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Open Problems

Conjecture ('22 KM, TM, JN, KO, MP, PRz, MS)

For every integer t > 1 there exists a constant € > 0 and an integer s such
that every Sy -free graph G
admits a set P C V(G) of size

such that G — N|[P] admits an e.s.d. whose every particle has
vertices.

~+ MWIS Polynomial S;;-free graphs of bounded degree
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For every integer t > 1 there exists a constant € > 0 and an integer s such
that every Sy -free graph G
admits a set P C V(G) of size

such that G — N|[P] admits an e.s.d. whose every particle has
vertices.

~+ MWIS Polynomial S;;-free graphs of bounded degree

Thank you!
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